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DIFFERENCE OF COMPOSITION OPERATORS BETWEEN
WEIGHTED BERGMAN SPACES ON THE UNIT BALL
YECHENG SHI, SONGXIAO LI∗ AND JUNTAO DU
ABSTRACT. We obtain some estimates for norm and essential norm of the dif-
ference of two composition operators between weighted Bergman spaces Apα
and A
q
β on the unit ball. In particular, we completely characterize the bounded-
ness and compactness of Cϕ − Cψ : Apα → Aqβ for full range 0 < p, q < ∞,
−1 < α, β <∞.
Keywords: Bergman space, composition operator, difference, norm, essential
norm.
1. INTRODUCTION
Let B = Bn be the open unit ball in C
n. For any two points z = (z1, ..., zn) and
w = (w1, ..., wn) in C
n, we write
〈z, w〉 = z1w1 + ... + znwn,
and
|z| =
√
〈z, z〉 =
√
|z1|2 + ... + |zn|2.
Let H(B) be the class of holomorphic functions on B. Let ϕ be a holomorphic
self-map of B. The map ϕ induces a composition operator Cϕ on H(B), which is
defined by Cϕf = f ◦ ϕ. We refer to [4, 20] for various aspects on the theory of
composition operators acting on holomorphic function spaces.
Let ρ(z, w) be the pseudo-hyperbolic distance between z, w ∈ B. Given two
holomorphic self-maps ϕ, ψ of B, we put
ρ(z) = ρ(ϕ(z), ψ(z))
for short. Given α, β > −1 and 0 < p, q <∞, the joint pull-back measure ωβ,q,ϕ,ψ
is defined by (see [8])
ωβ,q,ϕ,ψ(E) =
∫
ϕ−1(E)
ρ(z)qdνβ(z) +
∫
ϕ−1(E)
ρ(z)qdνβ(z)
for Borel sets E ⊂ B. For the simplicity, we denote ωβ,q,ϕ,ψ by ωβ,q. So, ωβ,q is
actually the sum of two pull-back measures ρqdνβ ◦ ϕ−1 and ρqdνβ ◦ ψ−1. By a
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standard argument one can verify that∫
B
gdωβ,q =
∫
B
(g ◦ ϕ+ g ◦ ψ)ρqdνβ (1)
for any positive Borel function g on B.
Let dν be the normalized volume measure on B. For α > −1, put
dνα = cα(1− |z|2)αdν(z),
where the constant cα =
Γ(n+1+α)
n!Γ(α+1)
is chosen so that να(B) = 1. For 0 < p <∞ and
α > −1, the weighted Bergman space Apα = Apα(B) is the space of all f ∈ H(B)
such that
‖f‖p
Apα
=
∫
B
|f(z)|pdνα(z) <∞.
Wewill also let Lpα = L
p
α(B) denote the standard Lebesgue space onBwith respect
to the measure να. The space A
p
α equipped with the norm ‖ · ‖Apα is a Banach space
for 1 ≤ p < ∞ and a complete metric space for 0 < p < 1 with respect to the
translation-invariant metric (f, g) 7→ ‖f − g‖p
Apα
.
It seems better to clarify the concept of compact operators, since the weighted
Bergman space Apα are not Banach space when 0 < p < 1. Suppose X and Y
are topologies vector spaces whose topologies induced by complete metrics. For a
linear operator T : X → Y , we denote
‖T‖X→Y = sup
‖f‖X≤1
‖Tf‖Y
the operator norm of T , where ‖ · ‖X and ‖ · ‖Y denote the norm or quasi-norm of
X and Y . If ‖T‖X→Y is finite, we say that T is a bounded operator from X to Y .
A linear operator T : X → Y is said to be compact if the image of every bounded
sequence inX has a subsequence that converges in Y . If T : X → Y is a bounded
linear operator, then the essential norm of the operator T : X → Y , denote by
‖T‖e,X→Y , is defined as
‖T‖e,X→Y = inf{‖T −K‖X→Y : K is compact from X to Y }.
It is obvious that the operator T is compact if and only if ‖T‖e,X→Y = 0.
Efforts to understand the topological structure of the space of composition oper-
ators in the operator norm topology have led to the study of the operator Cϕ − Cψ
of two composition operators induced by holomorphic self-maps ϕ, ψ of B. In
the setting of the unit disk D = B1, by Littlewood’s Subordination Principle, all
composition operators, and hence all differences of two composition operators, are
bounded on the Hardy spaceHp(D) and the weighted Bergman spaceApα(D). Thus
the question of when the operatorCϕ−Cψ is compact naturally arises. Shapiro and
Sundberg [21] raised and studied such a question on the Hardy space, motivated
by the isolation phenomenon observed by Berkson [1]. After that, such related
problems have been studied between several spaces of analytic functions by many
authors. See, for example, [6, 14, 22] on Hardy spaces and [2, 8, 9, 13, 18, 19] on
weighted Bergman spaces.
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In 2005, Moorhouse [13] characterized the compact difference of composition
operators on the standard weighted Bergman space A2α(D) by angular derivative
cancellation property. For 0 < p ≤ q < ∞, Saukko [18] obtained some com-
pactness criterion for difference Cϕ − Cψ from Apα(D) to Aqβ(D). In [8], Koo and
Wang gave some characterizations for the boundedness and compactness of the
difference of composition operators Cϕ − Cψ : Apα → Apα on the unit ball. It is
worth pointing out that the approach in [18, Theorem4.5(i)] does not work as well
for the unit ball. For the essential norm estimate of Cϕ−Cψ : Apα → Aqβ, Saukko’s
approach [18] is only valid for 1 < p ≤ q <∞. The main idea consists in approx-
imating the identity operator by a sequence of compact operators, which fits well
with the study of the difference of composition operators on these spaces. In [18],
this sequence was the finite rank operators Sn which map A
p
α to nth-partial sum
of the Talor series of f . However, this sequence is uniformly bounded only for
p > 1. The first goal of this paper is to study the norm and the essential norm of
the difference of composition operators Cϕ −Cψ : Apα → Aqβ for 0 < p ≤ q <∞.
Our work requires certain new approach and substantial amount of extra works.
The first two main results of this paper are the following theorems. For the
simplicity, we denote
Γ(ϕ, ψ) =
( (1− |a|2)s
|1− 〈a, ϕ(z)〉|(n+1+α)λ+s +
(1− |a|2)s
|1− 〈a, ψ(z)〉|(n+1+α)λ+s
)
.
Theorem 1.1. Let 0 < p ≤ q < ∞, −1 < α, β < ∞. Suppose ϕ and ψ
are holomorphic self-maps of B, and denote λ = q/p. Then the operator Cϕ−Cψ
mapsApα intoA
q
β if and only if the joint pull-back measure ωβ,q is a (λ, α)-Carleson
measure. Furthermore,
‖Cϕ − Cψ‖qApα→Aqβ ≍ supa∈B
∫
B
Γ(ϕ, ψ)ρ(z)qdνβ(z)
for some (or equivalent for all) s > 0.
Theorem 1.2. Let 0 < p ≤ q < ∞, −1 < α, β < ∞. Suppose ϕ and ψ are
holomorphic self-maps of B. Then the operator Cϕ − Cψ maps Apα into Aqβ if and
only if the joint pull-back measure ωβ,q is a vanishing (λ, α)-Carleson measure.
Furthermore,
‖Cϕ − Cψ‖qe,Apα→Aqβ ≍ lim sup|a|→1
∫
B
Γ(ϕ, ψ)ρ(z)qdνβ(z),
for some (or equivalent for all) s > 0.
Saukko in [19] characterized the bounded difference of composition operators
fromApα(D) into Lebesgue spacesL
q(D, µ)when α > −1 and p > q. In particular,
the following result was shown in [19].
Theorem A. Let 0 < q < p < ∞, α > −1 and µ a positive Borel measure on
D. Denote s := p/(p − q). Let ϕ and ψ be analytic self-maps of D, and denote
σ(z) =
∣∣∣ ϕ(z)−ψ(z)
1−ϕ(z)ψ(z)
∣∣∣ for every z ∈ D. Then the following are equivalent:
(i) the operator Cϕ − Cψ maps Apα(D) into Lq(D, µ);
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(ii) the operators σCϕ and σCψ map A
p
α(D) into L
q(D, µ);
(iii) the function
Kϕ,ψ(z) :=
∫
D
∣∣∣∣∣
(
1− |z|2
1− zϕ(w)
)α+2
p
−
(
1− |z|2
1− zϕ(w)
)α+2
p
∣∣∣∣∣
q
dµ(w)
belongs to Ls(D, Aα).
The last main result of this paper (Theorem 1.3) gives an estimate for the norm
of the difference of composition operators Cϕ − Cψ : Apα → Aqβ , when 0 < q <
p < ∞. Saukko [19] pointed out that, by Pitt’s theorem, the operator Cϕ − Cψ :
Apα → Lq(µ) is compact, whenever it is bounded, for 1 ≤ q < p <∞. In fact, we
can prove that this phenomenon is true for full range 0 < q < p <∞. Our method
is new even for the case of the unit disk.
Theorem 1.3. Let 0 < q < p < ∞, −1 < α, β < ∞. Suppose ϕ and ψ are
holomorphic self-maps of B. Set t = p
p−q
. Then the following are equivalent:
(i)the operator Cϕ − Cψ : Apα → Aqβ is bounded;
(ii) the operator Cϕ − Cψ : Apα → Aqβ is compact;
(iii) the joint pull-back measure ωβ,q is a (λ, α)-Carleson measure. Further-
more,
‖Cϕ − Cψ‖qApα→Aqβ
≍
∥∥∥∥∫
B
(
(1− |a|2)s
|1− 〈a, ϕ(z)〉|n+1+α+s +
(1− |a|2)s
|1− 〈a, ψ(z)〉|n+1+α+s
)
ρ(z)qdνβ(z)
∥∥∥∥
Lt(B,να)
,
for some (or equivalent for all) s > 0.
The present paper is organized as follows. In Section 2, we give some notations
and preliminary results which will be used later. In Sections 3, we give the proofs
for Theorems 1.1, 1.2 and 1.3. For two quantitiesA andB, we use the abbreviation
A . B whenever there is a positive constant C (independent of the associated
variables) such that A ≤ CB. We write A ≍ B, if A . B . A.
2. PREREQUISITES
In this section we introduce some notations and recall some well known results
that will be used throughout the paper.
2.1. Pseudo-hyperbolic distance. For any z ∈ B, let Pz be the orthogonal pro-
jection from Cn onto the one dimensional subspace [z] = {λz : λ ∈ C} generated
by z, andQz be the orthogonal projection fromC
n ontoCn⊖ [z]. Thus P0(w) = 0,
Q0(w) = w and
Pz(w) =
〈w, z〉
|z|2 z, Qz(w) = w −
〈w, z〉
|z|2 z, if z 6= 0.
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We denote by σz(w) the Mo¨bius transformation on B that interchanges the points
0 and z. More explicitly,
σz(w) =
z − Pz(w)−
√
1− |z|2Qz(w)
1− 〈w, z〉 .
Note that Pz(w) = w when n = 1. It is well known that σz satisfies the following
properties: σz ◦ σz(w) = w, and
1− |σz(w)|2 = (1− |z|
2)(1− |w|2)
|1− 〈w, z〉|2 , z, w ∈ B.
For z, w ∈ B, the pseudo-hyperbolic distance between z and w is defined by
ρ(z, w) = |σz(w)|,
while the Bergman metric is given by
β(z, w) =
1
2
log
1 + ρ(z, w)
1− ρ(z, w) .
It is also well known that the pseudo-hyperbolic metric have the following strong
form of triangle inequality (see [5]):
ρ(z, w) ≤ ρ(z, a) + ρ(a, w)
1 + ρ(z, a)ρ(a, w)
for all a, z, w ∈ B. For z ∈ B and r > 0, the Bergman metric ball at z is denoted
by
D(z, r) = {w ∈ B : β(z, w) < r},
and the pseudo-hyperbolic ball at z ∈ B with radius r ∈ (0, 1) is given by
△(z, r) = {w ∈ B : ρ(z, w) < r}.
Note that ρ(z, 0) = |z| since σ0(z) = −z, so △(0, r) is a Euclidean ball |z| < r.
For any z 6= 0,△(z, r) is an ellipsoid consisting of all w ∈ B such that
|Pz(w)− c|2
r2t2
+
|Qz(w)|2
r2t
< 1,
where
c =
(1− r2)z
1− r2|z|2 , t =
1− |z|2
1− r2|z|2 .
Furthermore, if 0 < r < 1, then the weighted volume
να(△(z, r)) ≍ (1− |z|2)n+1+α.
The following lemma should be known to some experts, but we cannot find a
reference. So we give the proof for completeness.
Lemma 2.1. The pseudo-hyperbolic metric
ρ(z, w) ≤
∣∣∣∣ z − w1− 〈z, w〉
∣∣∣∣ ,
for all z, w ∈ B.
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Proof. Since
|z − Pz(w)−
√
1− |z|2Qz(w)|2
= |Pz(z − w) +
√
1− |z|2Qz(z − w)|2
= |Pz(z − w)|2 + (1− |z|2)|Qz(z − w)|2
= (1− |z|2)|z − w|2 + |〈z − w, z〉|2 ≤ |z − w|2,
we get the desired result. 
2.2. Local estimates and test functions. The following lemmas are crucial in
our work and will be repeatedly used throughout the paper.
Lemma 2.2. Let 0 < p ≤ q <∞, α > −1 and 0 < s < r < 1 be arbitrary. Then
there exists a constant C = C(p, q, α, s, r) such that
|f(z)− f(a)|q ≤ Cρ(z, a)q
∫
△(a,r)
|f(w)|pdνα(w)
(1− |a|2)(n+1+α)q/p
for all a ∈ B, z ∈ △(a, s) and f ∈ Apα with ‖f‖Apα ≤ 1.
Proof. For the case p = q see [8, Lemma 2.2]. The case p > q can be proved
similarly as [18, Lemma 3.1]. 
Let ej = (0, · · · , 0, 1, 0, · · · , 0) ∈ Cn, where 1 ≤ j ≤ n and 1 is on the j-th
component. For 0 < t < 1, let
t1 = te1, tj = t
2
e1 + t
√
1− t2ej (j = 2, .., n).
For N > 0 and 0 < t < 1, let
tN = 1−N(1− t).
We need the following two results from [8].
Lemma 2.3. Suppose s > 1 and 0 < r0 < 1. Then there are N = N(r0) > 1 and
C = C(s, r0) such that∣∣∣∣ 1(1− 〈a, t1〉)s − 1(1− 〈b, t1〉)s
∣∣∣∣+ n∑
j=1
∣∣∣∣ 1(1− 〈a, tNtj〉)s − 1(1− 〈b, tNtj〉)s
∣∣∣∣
≥ Cρ(a, b)
∣∣∣∣ 1(1− 〈a, t1〉)s
∣∣∣∣ ,
for all a ∈ △(te1, r0) with 1− t < 12N and b ∈ B.
Lemma 2.4. Suppose 0 < p < ∞, α > −1, a ∈ B and 0 < r0 < 1. Let
δ > 0 such that t = n + 1 + α + δ > p. Let N = N(r0) be as in Lemma 2.3,
|a|N = 1−N(1 − |a|) and
|a|1 = |a|e1, |a|j = |a|2e1 + |a|
√
1− |a|2ej (j = 2, .., n).
Let
fa,0(z) =
(1− |a|2)δ/p
(1− 〈z, σ−1(|a|1))t/p
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and
fa,j(z) =
(1− |a|2)δ/p
(1− |a|N〈z, σ−1(|a|j)〉)t/p (j = 1, .., n),
where σ is a rotation which maps a to |a|e1. Then
n∑
j=0
‖fa,j‖Apα . 1, and
n∑
j=0
|fa,j(z)− fa,j(w)| ≥ C(α, r0)ρ(z, w)|fa,0(z)|
for any z ∈ △(a, r0), w ∈ B with |a| > 1− 12N .
Remark. The above lemma can be found in the proof of Theorem 3.1 of [8].
2.3. Carleson measure. Let µ be a positive Borel measure on B. For λ > 0
and α > −1, we say that µ is a (λ, α)-Bergman Carleson measure if for any two
positive numbers p and q with q/p = λ there is a positive constant C > 0 such that∫
B
|f(z)|qdµ(z) ≤ C‖f‖q
Apα
for any f ∈ Apα. We also denote by
‖µ‖λ,α = sup
f∈Apα,‖f‖Apα
≤1
∫
B
|f(z)|qdµ(z).
The Bergman Carleson measure was first studied by Hastings[7], and inde-
pendently by Oleinik and Pavolv [16] and Oleinik [15], and further pursued by
Luecking[10, 11], Cima and Wogen[3], and many others. The statement in terms
of pseudo-hyperbolic balls, essentially due to Luecking [10], is more convenient
to use in this paper. The following result can be found in [17, Theorem A].
Theorem B. For a positive Borel measure µ on B, 0 < p ≤ q <∞, −1 < α <∞
and 0 < r < 1, the following are equivalent:
(i) There is a constant C1 > 0 such that for any f ∈ Apα∫
B
|f(z)|qdµ(z) ≤ C1‖f‖qApα.
(ii)
‖µ‖λ,α,r = sup
a∈B
µ(△(a, r))
(1− |a|2)(n+1+α)q/p <∞.
(iii) There is a constant C2 > 0 such that, for some (every) t > 0,
sup
a∈B
∫
B
(1− |a|2)t
|1− 〈z, a〉|(n+1+α)q/p+tdµ(z) ≤ C2.
Furthermore, the constants C1, C2, and ‖µ‖λ,α,r are all comparable to ‖µ‖λ,α
with λ = q/p.
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We say that µ is a vanishing (λ, α)-Bergman Carleson measure if for any two
positive numbers p and q satisfying q/p = λ and any sequence {fk} in Apα with
‖f‖Apα ≤ 1 and fk(z) → 0 uniformly on any compact subset of B,
lim
k→∞
∫
B
|fk(z)|qdµ(z) = 0.
It is well known that, for λ ≥ 1, µ is a vanishing (λ, α)-Bergman Carleson measure
if and only if
lim
|a|→1
∫
B
(1− |a|2)t
|1− 〈z, a〉|(n+1+α)q/p+tdµ(z) = 0 (2)
for some (any) t > 0. For s ∈ (0, 1), denote Bs = {z ∈ B : |z| < s}. Let µ be a
positive Borel measure on B. We denote by µ|B\Bs the restriction of µ to B\Bs.
Lemma 2.5. Let 0 < p ≤ q < ∞, −1 < α < ∞. Suppose the positive Borel
measure µ on B is a (λ, α)-Bergman Carleson measure with λ = q/p. Then
lim sup
|a|→1
µ(△(a, r))
(1− |a|2)(n+1+α)q/p = lim sups→1 ‖µ|B\Bs‖λ,α,r
≍ lim sup
|a|→1
∫
B
(1− |a|2)t
|1− 〈z, a〉|(n+1+α)q/p+tdµ(z)
for some (any) t > 0 and some (any) r ∈ (0, 1).
Proof. We first prove that
lim sup
s→1
‖µ|B\Bs‖λ,α,r = lim sup
|a|→1
µ(△(a, r)))
(1− |a|2)(n+1+α)q/p .
Let tr(s) =
s−r
1−sr
and s > r. By the ellipsoid description of △(a, r), we known
that the point c = 1−r
2
1−r2|a|2
a is the center of the ellipsoid △(a, r), c ∈ [a], the
intersection of △(a, r) with [a] is a one-dimensional disk of radius 1−|a|2
1−r2|a|2
r and
the intersection of△(a, r) with Cn⊖ [a] is an (n− 1)-dimensional Euclidean ball
of radius r
√
1−|a|2
1−r2|a|2
. Therefore,△(a, r) ⊆ Bs if and only if
1− r2
1− r2|a|2 |a|+
1− |a|2
1− r2|a|2 r ≤ s.
After a calculation, we get △(a, r) ∩ (B\Bs) 6= ∅ if and only if |a| > tr(s). It is
easy to see that tr(s) is continuous and increasing on [r, 1), and lims→1 tr(s) = 1.
DIFFERENCE OPERATORS BETWEEN WEIGHTED BERGMAN SPACES 9
Thus,
lim sup
|a|→1
µ(△(a, r)))
(1− |a|2)(n+1+α)q/p = lims→1 sup|a|≥tr(s)
µ(△(a, r)))
(1− |a|2)(n+1+α)q/p
≥ lim
s→1
sup
|a|≥tr(s)
µ(△(a, r)) ∩ (B\Bs))
(1− |a|2)(n+1+α)q/p
= lim
s→1
sup
a∈B
µ(△(a, r)) ∩ (B\Bs))
(1− |a|2)(n+1+α)q/p
= lim
s→1
‖µ|B\Bs‖λ,α,r.
On the other hand, denote A = lim sup
s→1
‖µ|B\Bs‖λ,α,r. For any ǫ > 0, there exists
0 < t∗ < 1, such that if t∗ ≤ s < 1, we have
‖µ|B\Bs‖λ,α,r < A+ ǫ.
For any fixed s, we know that△(a, r) ⊂ B\Bs, as |a| close enough to 1. Therefore,
there exists a 0 < l < 1, such that
‖µ|B\Bs‖λ,α,r = sup
a∈B
µ(△(a, r) ∩ (B\Bs))
(1− |a|2)(n+1+α)q/p
≥ sup
|a|>l
µ(△(a, r))
(1− |a|2)(n+1+α)q/p .
Hence,
A + ǫ ≥ lim sup
|a|→1
µ(△(a, r)))
(1− |a|2)(n+1+α)q/p .
Since ǫ is arbitrary, we have
lim sup
s→1
‖µ|B\Bs‖λ,α,r ≥ lim sup
|a|→1
µ(△(a, r)))
(1− |a|2)(n+1+α)q/p .
If z ∈ △(a, r), then 1− |a|2 ≍ |1− 〈z, a〉|. Thus, we have
lim sup
|a|→1
µ(△(a, r))
(1− |a|2)(n+1+α)q/p . lim sup|a|→1
∫
△(a,r)
(1− |a|2)t
|1− 〈z, a〉|(n+1+α)q/p+tdµ(z)
≤ lim sup
|a|→1
∫
B
(1− |a|2)t
|1− 〈z, a〉|(n+1+α)q/p+tdµ(z).
For any fixed s, by Theorem B, we have
lim sup
|a|→1
∫
B
(1− |a|2)t
|1− 〈z, a〉|(n+1+α)q/p+tdµ(z)
= lim sup
|a|→1
(∫
Bs
+
∫
B\Bs
)
(1− |a|2)t
|1− 〈z, a〉|(n+1+α)q/p+tdµ(z)
≤ lim sup
|a|→1
(1− |a|2)tµ(Bs)
(1− s)(n+1+α)q/p+t + supa∈B
∫
B
(1− |a|2)t
|1− 〈z, a〉|(n+1+α)q/p+t dµ|B\Bs(z)
. ‖µ|B\Bs‖λ,α,r.
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Letting s tend to 1, we get
lim sup
|a|→1
∫
B
(1− |a|2)t
|1− 〈z, a〉|(n+1+α)q/p+tdµ(z) . lim sups→1 ‖µ|B\Bs‖λ,α,r.
The proof is complete. 
Definition 2.1. A sequence {ak} of distinct points inB is call a separated sequence
in the pseudo-hyperbolic metric if δ0 := inf i 6=j ρ(ai, aj) > 0. The number δ0
is called the separated constant of {ak}. We say that the sequence {ak} is δ-
separated, if 0 < δ ≤ δ0.
The following lemma can be found in [5, Lemma 5] or [12, Lemma 3].
Lemma 2.6. If {ak} is a separated sequence in B with separation constant δ0. For
z ∈ B and 0 < r < 1, let L denote the number of points in {ak} that lie in the
pseudohyperbolic ball△(z, r). Then
L ≤
(
2
δ0
+ 1
)2n
1
(1− r2)n .
Definition 2.2. Suppose 0 < r < 1. A sequence {ak} of distinct points in B
is call an r-lattice in the pseudo-hyperbolic metric if it is r-separated and B =
∞⋃
i=1
△(ak, r).
Remark. (1). In [24] the definition of r-lattice is slightly different to ours but it
causes no difficulties as we have only notice that D(ak, r) = △(ak, tanh(r)).
(2). By Lemma 2.6, similarly as [12, Lemma 4], it is easy to see that there exists
a r-lattice for any 0 < r < 1.
The following result is essentially due to Luecking ([12]) and can be found in
[17, Theorem B].
Theorem C. For a positive Borel measure µ on B, 0 < q < p < ∞ and −1 <
α <∞, the following statements are equivalent:
(i) There is a constant C1 > 0 such that for any f ∈ Apα∫
B
|f(z)|qdµ(z) ≤ C1‖f‖qApα.
(ii) The function
µˆr(z) :=
△(z, r)
(1− |z|2)n+1+α
is in Lp/(p−q)(να) for any (some) fixed r ∈ (0, 1).
(iii) For any r-lattice {ak}, the sequence
{µk} :=
{
µ(△(ak, r))
(1− |ak|2)(n+1+α)q/p
}
belongs to lp/(p−q) for any (some) fixed r ∈ (0, 1).
(iv) For any s > 0, the Berezin-type transform Bs,α(µ) belongs to L
p/(p−q)
να .
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Furthermore, with λ = q/p, one has
‖µˆr‖Lp/(p−q)να ≍ ‖{µk}‖lp/(p−q) ≍ ‖Bs,α(µ)‖Lp/(p−q)να ≍ ‖µ‖λ,α.
Here, for a positive measure µ, the Berezin-type transform Bs,α(µ) is
Bs,α(µ)(z) =
∫
B
(1− |z|2)s
|1− 〈z, w〉|n+1+α+sdµ(w).
It is well known that, when 0 < q < p < ∞, that is 0 < λ = q/p < 1, µ is a
vanishing (λ, α)-Bergman Carleson measure if and only if µ is a (λ, α)-Bergman
Carleson measure (see [23]).
3. PROOF OF THE MAIN RESULTS
Proof of Theorem 1.1. We first give the upper estimates for the norm of the
operator Cϕ − Cψ. Fix 0 < s0 < r0 < 1, set E = {z ∈ B : ρ(z) ≥ s0} and
E ′ = B\E. Let f ∈ Apα with ‖f‖Apα ≤ 1. Then
‖(Cϕ − Cψ)f‖qAqβ =
(∫
E
+
∫
E′
)
|f ◦ ϕ(z)− f ◦ ψ(z)|qdνβ(z).
Using (1), the first term is uniformly bounded above by( 2
s0
)q ∫
E
|f(z)|qdωβ,q(z) . ‖ωβ,q‖qλ,α.
Applying Lemma 2.2, Fubini’s Theorem and 1−|z|2 ≍ 1−|w|2 for z ∈ △(w, r0),
we see that the second term is bounded by
C
∫
B
|f(w)|p
∫
ϕ−1(△(w,r0))∩{z∈B:ρ(z)<s0}
ρ(z)qdνβ(z)
(1− |w|2)(n+1+α)q/p dνα(w)
.
∫
B
|f(w)|p ωβ,q(△(w, r0))
(1− |w|2)(n+1+α)q/p dνα(w)
. ‖ωβ,q‖λ,α,r0.
Next, we give the lower estimate for the norm of the operator Cϕ −Cψ. Denote
r1 = 1− 12N , where N is defined as in Lemma 2.3. By Lemma 2.4, we have
‖Cϕ − Cψ‖qApα→Aqβ & sup|a|>r1
n∑
j=0
‖(Cϕ − Cψ)fa,j‖qAqβ
& sup
|a|>r1
∫
ϕ−1(△(a,r0))
ρ(z)q
(1− |a|2)(n+1+α)q/p dνβ(z),
where we used the fact |1− 〈z, a〉| ≍ 1− |a| for z ∈ △(a, r0). Similarly
‖Cϕ − Cψ‖qApα→Aqβ & sup|a|>r1
∫
ψ−1(△(a,r0))
ρ(z)q
(1− |a|2)(n+1+α)q/p dνβ(z).
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Therefore,
‖Cϕ − Cψ‖qApα→Aqβ & sup|a|>r1
ωβ,q(△(a, r0))
(1− |a|2)(n+1+α)q/p .
For |a| ≤ r1, take r2 = r0+r11+r0r1 , then △(a, r0) ⊂ △(0, r2). Therefore, by Lemma
2.1,
ωβ,q(△(a, r0))
(1− |a|2)(n+1+α)q/p
≤ 1
(1− r21)(n+1+α)q/p
(∫
ϕ−1(△(a,r0))
ρ(z)qdνβ(z) +
∫
ψ−1(△(a,r0))
ρ(z)qdνβ(z)
)
≤ 1
(1− r21)(n+1+α)q/p
(∫
ϕ−1(△(a,r0))
+
∫
ψ−1(△(a,r0))
) |ϕ(z)− ψ(z)|q
(1− r2)q dνβ(z)
. ‖Cϕ − Cψ‖qApα→Aqβ .
Then the result follows by Theorem B and (1). The proof is complete. 
Lemma 3.1. Let 0 < p ≤ q < ∞, −1 < α, β < ∞. There is a constant C > 0
such that
‖Cϕ − Cψ‖qe,Apα→Aqβ ≥ C lim sup|a|→1
n∑
j=0
‖(Cϕ − Cψ)fa,j‖qAqβ .
Here fa,j is defined in Lemma 2.4.
Proof. Let K be a compact operator from Apα into A
q
β. Consider the operator on
H(B) defined by
Km(f)(z) = f(
m
m+ 1
z), m ∈ N.
Denote Rm = I −Km. It is easy to see thatKm is compact on Aqβ and
‖Km‖Aqβ→Aqβ ≤ 1, ‖Rm‖Aqβ→Aqβ ≤ 2
for any positive integerm. Then we have
2‖(Cϕ − Cψ)−K‖Apα→Aqβ ≥ ‖Rm ◦ (Cϕ − Cψ −K)‖Apα→Aqβ
& sup
a∈B
‖Rm ◦ (Cϕ − Cψ −K)(fa,j)‖Aqβ .
Since K is compact, we can extract a sequence {ai} ⊂ B such that |ai| → 1 and
Kfai,j converges to some fj ∈ Aqβ for j = 0, 1, · · · , n. So, when 0 < q < 1, we
get
‖Rm ◦ (Cϕ − Cψ −K)(fai,j)‖qAqβ
≥ ‖Rm ◦ (Cϕ − Cψ)(fai,j)‖qAqβ − ‖Rm ◦K(fai,j)‖
q
Aqβ
≥ ‖(Cϕ − Cψ)(fai,j)‖qAqβ − ‖Km ◦ (Cϕ − Cψ)(fai,j)‖
q
Aqβ
−‖Rm(K(fai,j)− fj)‖qAqβ − ‖Rm(fj)‖
q
Aqβ
. (3)
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Since ϕ( m
m+1
B) and ψ( m
m+1
B) are contained in a compact subset of B, the Cauchy-
Schwartz inequality yields, for every z ∈ B
|Km ◦ (Cϕ − Cψ)(fa,0)(z)| ≤ (1− |a|
2)δ/p
|1− 〈ϕ( m
m+1
z), σ−1(|a|e1)〉|t/p
+
(1− |a|2)δ/p
|1− 〈ψ( m
m+1
z), σ−1(|a|e1)〉|t/p
≤ Cm(1− |a|2)δ/p.
Similarly, when j = 1, 2, · · · , n,
|Km ◦ (Cϕ − Cψ)(fa,j)(z)| ≤ Cm(1− |a|2)δ/p,
for some finite constant Cm independent of z. Therefore, letting i → ∞ and then
using Fatou’s Lemma asm→∞, by (3), we have
‖Cϕ − Cψ −K‖Apα→Aqβ & lim sup
i→∞
‖(Cϕ − Cψ)(fai,j)‖Aqβ .
This remains valid for 1 ≤ q <∞ by a similar argument. Therefore
‖Cϕ − Cψ‖qe,Apα→Aqβ ≥ C lim sup|a|→1
n∑
j=0
‖(Cϕ − Cψ)fa,j‖qAqβ .
The proof is complete. 
Proof of Theorem 1.2. First, we give the upper estimate for the essential norm of
the operator Cϕ − Cψ. By the boundedness of the operator Cϕ − Cψ : Apα → Aqβ ,
we have that ωβ,q is a (λ, α)-Bergman Carleson measure. Defined by Kn = Cϕn
for any n ≥ 1, where ϕn(z) = nn+1z. Every Kn trivially has a norm less than 1
and is compact on every Apα ([25]). Let Rn = I −Kn. Then,
‖Cϕ − Cψ‖e,Apα→Aqα ≤ lim sup
k→∞
‖(Cϕ − Cψ)Rk‖Apα→Aqβ
≤ lim sup
k→∞
sup
‖f‖
A
p
α
≤1
‖(Cϕ − Cψ)Rkf‖Aqβ .
Fix s0 ∈ (0, 1), set E = {z ∈ B : ρ(z) ≥ s0} and E ′ = B\E. Let f ∈ Apα with
‖f‖Apα ≤ 1. Then we have
Ik(f) :=
∫
E
|(Cϕ − Cψ) ◦Rkf(z)|qdνβ(z)
≤
(
2
s0
)q ∫
E
|Rkf(z)|qdωβ,q(z)
.
∫
Bs
|Rkf(z)|qdωβ,q(z) +
∫
B\Bs
|Rkf(z)|qdωβ,q(z)
:= I1,k(f) + I2,k(f).
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By Cauchy integral formula, we get
|Rk(f)(z)| ≤ 1
k + 1
sup
w∈Bs
|ℜf(w)| . 1
k + 1
· 2
1− s supw∈B 1+s
2
|f(w)|
≤ 2
k(1− s)1+(n+1+α)/p .
1
k
for any z ∈ Bs with fixed s ∈ (0, 1). Here ℜf denote the radial derivative of f .
Therefore, for a fixed s, lim sup
k→∞
I1,k(f) = 0.
Now let us turn to I2,k. We denote by ωβ,q|B\Bs the restriction of ωβ,q to B\Bs.
Since Cϕ − Cψ : Apα → Aqβ is bounded by assumption, ωβ,q is a (λ, α)-Bergman
Carleson measure, andωβ,q|B\Bs is also a (λ, α)-Bergman Carleson measure. There-
fore,
I2,k(f) = ‖Rk(f)‖qLq(B,ωβ,q|B\Bs ) . ‖ωβ,q|B\Bs‖λ,α‖Rk(f)‖
q
Apα
. ‖ωβ,q|B\Bs‖λ,α,r.
Letting k →∞ and s→ 1 in order, we obtain
lim sup
k→∞
Ik(f) . lim sup
s→1
‖ωβ,q|B\Bs‖λ,α,r.
Denote
Jk(f) =
∫
E′
|(Cϕ − Cψ) ◦Rkf(z)|qdνβ(z)
=
(∫
E′∩ϕ−1(Bs)
+
∫
E′∩ϕ−1(B\Bs)
)
|(Cϕ − Cψ) ◦Rkf(z)|qdνβ(z)
:= J1,k(f) + J2,k(f).
Let r0 ∈ (0, 1) be arbitrary. It is easy to see that
lim
k→∞
sup
‖f‖
A
p
α
≤1
sup
|z|≤r0
|Rk(f)(z)| = 0.
Thus,
lim
k→∞
sup
‖f‖
A
p
α
≤1
∫
E′∩ϕ−1(Bs)
|Cϕ ◦Rk(f)(z)|qdνβ(z) = 0
and
lim
k→∞
sup
‖f‖
A
p
α
≤1
∫
E′∩ϕ−1(Bs)
|Cψ ◦Rk(f)(z)|qdνβ(z) = 0,
here we used the fact that E ′ ∩ ϕ−1(Bs) ⊂ ψ−1(Bs′), where s′ = s0+s1+s0s . Hence
lim sup
k→∞
Jk(f) . sup
‖f‖
A
p
α
≤1
∫
F
|(Cϕ − Cψ)f(z)|qdνβ(z),
where F = E ′ ∩ ϕ−1(B\Bs). In the estimate above we also used the fact that the
operatorsRk are uniformly bounded. Using Lemmas 2.1 and 2.2, Fubini’s theorem
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and 1− |ϕ(z)|2 ≍ 1− |w|2 for ϕ(z) ∈ △(w, r) we have∫
F
|(Cϕ − Cψ)f(z)|qdνβ(z)
.
∫
F
ρ(z)q
∫
△(ϕ(z),r)
|f(w)|pdνα(w)
(1− |ϕ(z)|2)(n+1+α)q/p dνβ(z)
.
∫
B
|f(w)|p
∫
ϕ−1(△(w,r))∩F
ρ(z)qdνβ(z)
(1− |w|2)(n+1+α)q/p dνα(w)
≤
∫
B
|f(w)|p
∫
ϕ−1(△(w,r)∩(B\Bs))
ρ(z)qdνβ(z)
(1− |w|2)(n+1+α)q/p dνα(w)
≤ ‖f‖p
Apα
‖ωβ,q|B\Bs‖λ,α,r.
Letting k →∞ and s→ 1 in order, and using the above estimate, we have
‖Cϕ − Cψ‖qe,Apα→Aqβ ≤ lim supk→∞ ‖(Cϕ − Cψ) ◦Rk‖
q
Apα→A
q
β
. lim sup
s→1
‖ωβ,q|B\Bs‖λ,α,r.
Next, we give the lower estimate for the essential norm of the operator Cϕ−Cψ .
By Lemmas 2.4 and 3.1, we have
‖Cϕ − Cψ‖e,Apα→Aqβ & lim sup
|a|→1
∫
ϕ−1(△(a,r0))
ρ(z)q
(1− |a|2)(n+1+α)q/pdνβ(z),
and
‖Cϕ − Cψ‖e,Apα→Aqβ & lim sup
|a|→1
∫
ψ−1(△(a,r0))
ρ(z)q
(1− |a|2)(n+1+α)q/p dνβ(z).
Thus,
‖Cϕ − Cψ‖e,Apα→Aqβ & lim sup
|a|→1
ωβ,q(△(a, r0))
(1− |a|2)(n+1+α)q/p .
The claim now follows by Lemma 2.5, (1) and (2). The proof is complete. 
Let us now turn to the proof of the case 0 < q < p <∞. For this we will make
use of Khinchine’s inequality. Define the Rademacher function rm by
rm(t) = sgn(sin(2
mπt)).
The Khinchine’s inequality is the following.
Khinchine’s inequality. For 0 < p <∞, there exist constants 0 < Ap ≤ Bp <∞
such that, for all natural numbers m and all complex numbers c1, c2, · · · , cm, we
have
Ap
(
m∑
j=1
|cj|2
) p
2
≤
∫ 1
0
∣∣∣∣∣
m∑
i=1
cjrj(t)
∣∣∣∣∣
p
dt ≤ Bp
(
m∑
j=1
|cj|2
)p
2
.
Proof of Theorem 1.3. We first prove that
‖Cϕ − Cψ‖qApα→Aqβ . ‖ωβ,q‖λ,α.
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Let f ∈ Apα with ‖f‖Apα ≤ 1 and r ∈ (0, 1) be fixed. We write
‖f ◦ ϕ− f ◦ ψ‖q
Aqβ
=
(∫
{z∈B:ρ(z)≥r}
+
∫
{z∈B:ρ(z)<r}
)
|f ◦ ϕ(z)− f ◦ ψ(z)|qdνβ(z).
By the assumption on the joint pull-back measure ωβ,q, the first term is bounded
above by ‖ωβ,q‖λ,α. Applying Lemma 2.2, Fubini’s Theorem and 1 − |z|2 ≍
1 − |w|2 for all z ∈ ∆(w, r) respectively, we see that the second term is bounded
above by
C
∫
B
|f(w)|q
∫
ϕ−1(△(w,r′))∩{z∈B:ρ(z)<r}
ρ(z)qdνβ(z)
(1− |w|2)n+1+α dνα(w)
≤ C
∫
B
|f(w)|q ωβ,q(△(w, r
′))
(1− |w|2)n+1+αdνα(w),
where the constants C and r′ ∈ (0, 1) depend only on n, α and r. Applying the
Ho¨lder’s inequality and Theorem C we get the desired result.
Next, we prove that
‖{ωβ,q,k}‖
l
p
p−q
. ‖Cϕ − Cψ‖Apα→Aqβ .
Here
ωβ,q,k =
ωβ,q(△(ak, r0))
(1− |ak|)(n+1+α)q/p .
We suppose M := ‖Cϕ − Cψ‖Apα→Aqβ < ∞. If M = 0, it is easy to see that
ϕ = ψ and ωβ,q = 0 and the claim is straightforward. So, we supposeM 6= 0. Let
0 < r0 < 1 and N = N(r0) be defined as in Lemma 2.3 and denote r1 = 1− 12N .
Let {ak} be an r0-lattice of B in the pseudo-hyperbolic metric with |a1| ≤ |a2| ≤
· · · ≤ |an| ≤ · · · . By Lemma 2.6, there exist a nonnegative number
L0 ≤
( 2
r0
+ 1)2n
(1− r21)n
such that |a1| ≤ |a2| ≤ · · · ≤ |aL0| ≤ r1 and |ak| > r1 for any k ≥ L0 + 1. For
{cj} ∈ lp, define
gj(z) =
∞∑
k=1
ckfak ,j(z), j = 1, 2, · · ·, n,
where fa,j are defined as Lemma 2.4. Then ‖gj‖Apα . (
∞∑
k=1
|ck|p)
1
p . Using the
boundedness of the operator Cϕ − Cψ, we have
M q
( ∞∑
k=1
|ck|p
) q
p ≥ C‖(Cϕ − Cψ)gj‖qAqβ
= C
∫
B
|
∞∑
k=1
ck(Cϕ − Cψ) ◦ fak ,j(z)|qdνβ(z).
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Replace now ck by rk(t)ck and then integrate with respect to t from 0 to 1. Apply-
ing Fubini’s theorem and the Khinchine’s inequality, we get
M q
( ∞∑
k=1
|ck|p
) q
p
&
∫
B
∫ 1
0
|
∞∑
k=1
ckrk(t)(Cϕ − Cψ) ◦ fak ,j(z)|qdtdνβ(z)
& Aq
∫
B
(
∞∑
k=1
|ck|2|fak ,j ◦ ϕ(z)− fak ,j ◦ ψ(z)|2
) q
2
dνβ(z).
Applying Lemma 2.4 and |1− 〈z, ak〉| ≍ 1− |ak|2 for z ∈ △(ak, r0), we have
n∑
j=0
|fak,j ◦ ϕ(z)− fak,j ◦ ψ(z)|2
& |fak ,0 ◦ ϕ(z)|2ρ(z)2χϕ−1(△(ak ,r0))(z)
&
ρ(z)2χϕ−1(△(ak ,r0))(z)
(1− |ak|)(n+1+α)2/p .
By Lemma 2.6, there exists a
K = K(r0) ≤
( 2
r0
+ 1)2n
(1− r20)n
such that for any z ∈ B, there are at most K elements of {ak} lying in △(z, r0).
Therefore
(n+ 1)M q
( ∞∑
k=1
|ck|p
) q
p
& Aq max{1, (n+ 1)1−
q
2}
·
∫
B
(
∞∑
k=1
|ck|2
n∑
j=0
|fak ,j ◦ ϕ(z)− fak ,j ◦ ψ(z)|2
) q
2
dνβ(z)
&
∫
B
(
∞∑
k=L0+1
|ck|2
ρ(z)2χϕ−1(△(ak ,r0))(z)
(1− |ak|)(n+1+α)2/p
) q
2
dνβ(z)
≥ max{1, K q2−1}
∫
B
∞∑
k=L0+1
|ck|q
ρ(z)qχϕ−1(△(ak ,r0))(z)
(1− |ak|)(n+1+α)q/p dνβ(z)
&
∞∑
k=L0+1
|ck|q
∫
ϕ−1(△(ak ,r0))
ρ(z)qdνβ(z)
(1− |ak|)(n+1+α)q/p .
Change the roles of ϕ and ψ, we get
(n+ 1)M q
( ∞∑
k=1
|ck|p
) q
p
&
∞∑
k=L0+1
|ck|q
∫
ψ−1(△(ak ,r0))
ρ(z)qdνβ(z)
(1− |ak|)(n+1+α)q/p .
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Therefore
M q
( ∞∑
k=1
|ck|p
) q
p
&
∞∑
k=L0+1
|ck|q ωβ,q(△(ak, r0))
(1− |ak|)(n+1+α)q/p .
Let
bk =
1
M q
ωβ,q(△(ak, r0))
(1− |ak|2)(n+1+α)q/p , k = 1, 2, 3, · · · .
Since {ck} ∈ lp is arbitrary, we deduce
(bL0+1, bL0+2, · · · ) ∈ (l
p
q )⋆ = l
p
p−q
and there exists a constant C > 0 such that
∞∑
k=L0+1
(
ωβ,q(△(ak, r0))
(1− |ak|)(n+1+α)q/p
) p
p−q
< CM
pq
p−q .
For 1 ≤ i ≤ L0, we have |ai| ≤ 1 − 12N . Denote r1 = 1 − 12N and r2 = r0+r11+r0r1 .
Then△(ai, r0) ⊂ △(0, r2). By Lemma 2.1, we have
bi .
1
M q(2N)
(n+1+α)q
p
(∫
ϕ−1(△(ai,r0))
+
∫
ψ−1(△(ai,r0))
)
ρ(z)qdνβ(z)
≤ 1
M q(2N)
(n+1+α)q
p
(∫
ϕ−1(△(ai,r0))
+
∫
ψ−1(△(ai,r0))
) |ϕ(z)− ψ(z)|q
(1− r2)q dνβ(z)
≤ 1
M q(2N)
(n+1+α)q
p
· 2M
q‖z‖q
Apα
(1− r2)q
≤ C(r,N, n, p, q, α).
Thus, we get
{b1, b2, · · · } ∈ l
p
p−q
and there exist a constant C > 0 such that
∞∑
k=1
(
ωβ,q(△(ak, r0))
(1− |ak|)(n+1+α)q/p
) p
p−q
< CM
pq
p−q .
Hence, ωβ,q is a (λ, α)-Bergman Carleson measure, and
‖{ωβ,q,k}‖lp/(p−q) . ‖Cϕ − Cψ‖qApα→Aqβ .
Therefore, by the above discussion and Theorem C, we get
‖Cϕ − Cψ‖Apα→Aqβ ≍ ‖ωβ,q‖λ,α ≍ ‖{ωβ,q,k}‖lp/(p−q)
≍ ‖ω̂β,qr‖Lp/(p−q)να ≍ ‖Bs,α(ωβ,q)‖Lp/(p−q)να .
Finally, we suppose that ωβ,q is a (λ, α)-Bergman Carleson measure, and then
prove that the operator Cϕ−Cψ : Apα → Aqβ is compact. Let {fk} be any sequence
in Apα with ‖fk‖Apα ≤ 1 and fk → 0 uniformly on compact subsets of B. Then by
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the Remark after Theorem C, ωβ,q is a vanishing (λ, α)-Bergman Carleson mea-
sure. Therefore, we have
lim
k→∞
∫
B
|fk(z)|qdωβ,q(z) = 0.
For r ∈ (0, 1) fixed, we write
‖fk ◦ ϕ− fk ◦ ψ‖qAqβ
=
(∫
{z∈B:ρ(z)≥r}
+
∫
{z∈B:ρ(z)<r}
)
|fk ◦ ϕ(z)− fk ◦ ψ(z)|qdνβ(z).
The fist term is uniformly bounded above by(2
r
)q ∫
{z∈B:ρ(z)≥r}
|fk(z)|qdωβ,q(z).
For any fixed s ∈ (0, 1), we see that the second term is bounded above by
C
∫
B
|fk(w)|q ωβ,q(△(w, r
′))
(1− |w|2)n+1+αdνα(w)
= C
(∫
Bs
+
∫
B\Bs
)
|fk(w)|q ωβ,q(△(w, r
′))
(1− |w|2)n+1+αdνα(w)
:= I1 + I2,
where the constants C and r′ ∈ (0, 1) depend only on n, α and r. Since ωβ,q(B) ≤
2, we have
I1 .
∫
Bs
|fk(z)|qdνα(z).
Applying the Ho¨lder’s inequality, we have
I2 . ‖fk‖qApα
∥∥∥∥ ωβ,q(△(w, r′))(1− |w|2)n+1+α
∥∥∥∥
Lt(B\Bs,ωβ,q)
≤
∥∥∥∥ ωβ,q(△(w, r′))(1− |w|2)n+1+α
∥∥∥∥
Lt(B\Bs,ωβ,q)
.
Letting k →∞, we obtain
lim sup
k→∞
‖fk ◦ ϕ− fk ◦ ψ‖qAqβ .
∥∥∥∥ ωβ,q(△(w, r′))(1− |w|2)n+1+α
∥∥∥∥
Lt(B\Bs,ωβ,q)
.
Since ωβ,q is a (λ, α)-Bergman Carleson measure, we have
ωβ,q(△(w, r′))
(1− |w|2)n+1+α ∈ L
t(B, ωβ,q).
Thus, letting s→ 1, by the Lebesgue Dominated Covergence Theorem, we get
lim
k→∞
‖fk ◦ ϕ− fk ◦ ψ‖Aqβ = 0.
Therefore, Cϕ − Cψ : Apα → Aqβ is compact. The proof is complete. 
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Remark. The methods we used to prove Theorem 1.1-1.3 can be generalized to
the case when νβ is replaced by a positive Borel measure µ by using the same
technique.
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